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Mathematical methods in physics
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3. KpaTtKaa aHHOTauumsA:

YcnewHaa Kapbepa B ¢M3MKe HEBO3MOXKHA 6e3 ryboKoro 3HaHUA ee sidblka — MaTeMaTUKM.
Llenb Kypca — HayunTb 6a30BbIM MaTEMATUYECKMM METOAAM, UCMOJIb3yEMbIM B COBPEMEHHbIX
pasgenax oOu3MKU: ¢GU3MKe KOHAEHCMPOBAHHOINO COCTOAHMA, TEOPUM HeynopAdovYEeHHbIX
cuctem, OU3MKe HAHOCTPYKTYP MOHUMMKEHHOW pasmMepHOCcTM M T.4. Kypc opueHTMpoBaH Ha
pa3BUTME MATEMATUYECKOrO MbIW/IEHUA M YMEHMA NPUMEHATb XOpPOoLWo pas3paboTaHHble
MaTeMaTMyYecKkme npuembl A PeleHns PacnpoCcTpaHeHHbIX TMNOB 3a4a4y GU3MKWU. 3aHATUA
NpPoBOAATCA B BUAE CEMUHAPOB, HAa KOTOPbIX AAKOTCA TEOPETUYECKME OCHOBbI MCMNO/b3yeMbIX
MaTeMaTMYeCKMX METOAOB, a 3aTeM pa3bupatoTca Npumepbl pelweHmna 3aga4d. PaccmaTtpusaeTca
WMPOKKUIA Kpyr BOMPOCOB OT TeopuM OYHKLMA KOMMIEKCHOM NepemMeHHOM W chneumanbHbiX
bYHKUMIA A0 n3bpaHHbIX BOMPOCOB TEOPUM NEPKONALUM U OCHOB TEOPUM TpynM.

Short annotation:

A successful career in physics is impossible without a deep knowledge of her language —
mathematics. The goal of the course is to teach basic mathematical methods used in modern
branches of physics: condensed matter physics, the theory of disordered systems, low-
dimensional nanostructures physics, etc. The course is focused on the development of
mathematical thinking and the ability to apply well-developed mathematical techniques for
solving commonly used types of problems in physics. Classes are held in the form of seminars,
where in the first part theoretical foundations of the mathematical methods used are given,
and then examples of problems are treated and solved. A wide range of issues from the theory
of functions of a complex variable and special functions to selected questions of the percolation
theory and the foundations of group theory are considered.

5. HaseaHue nporpammbi n cemectp: HaHodOTOHMKA M meTamaTepuansl, 1-i cemecTp.
Study program and semester: Nanophotonics and metamaterials, 1st semester.



6. [leTanbHOe onucaHue Kypca ¢ pasbueHnem no nekumam/cemmHapam/npakTMKam:

|. Teopua GyHKUMIA KOMNNEKCHOM NepeMeHHOM

1) DYHKUMM KOMMIEKCHOTO NepemMeHHOro, 0TObpayKeH A U TOYKK
BETBNEHUA, NPeaen N HENPepPbIBHOCTb GYHKUMIA KOMMEKCHOM
nepemeHHoOn, NPon3BoAHan oT GYHKLUUM KOMMNAEKCHON NepeMeHHOoN,
ycnosua Kowun-PumaHa.

nexkums

2) WHTerpupoBaHue GpyHKLMMU KOMMAEKCHOM NepeMeHHOM, 0cobble TOUKM,
pAaapbl JlopaHa, Teopema O BblyeTax.

nexkums

3) KoHdopmHoe npeobpasoBaHue.

CeEMUHap

Il. BbluMCNeHNE UHTErPANOB U cnewunasnbHble GYHKLMM

1) Wcnonb3oBaHWE CUMMETPUM MPU BbIYUCNEHUU UHTETPANOB OT GYHKLUN,
WHTErpasibl OT YETHbIX U HEYETHbIX QYHKLMI, UHTErPUPOBAHME MO
KOHTYpY, nemma opaaHa.

CeEMUHap

2) TFamma-PpyHKums, beTa-dyHKLUMA, PyHKUMA OWNOOK, MHTErpanbHasa
nokasaTesibHaa GYHKLUMA, MHTErpanbHble KOCUHYC U CUHYC.

ceMunHap

3) PeweHune ypaBHeHus Jlannaca B UMAUHAPUYECKUX U chepudecKkux
KoopauHaTax, dyHKUMK beccens n nx cBoncTBa, chepryeckne GyHKLMN
M NX CBOMCTBA.

ceMunHap

[ll. MpnubnunkeHHble meToAabl B pU3NKe

1) AcMMNTOTMYECKUI pAa, NPUBAUNKEHHbIE METOAbI PELIEHWUI
anrebpanyecKnx ypaBHeHUI, meTog nepesana (MeTos cTaumoHapHoW

dasbl).

nekums

2) KBasmknaccuuyeckoe NpubANNKEHME B KBAHTOBOW MeXaHUKe (MeToz,
BeHTuensa-Kpamepca-bpunniosHa).

CeEMUHap

3) BapwuauMOHHble METOAbl B KBAHTOBOM MeXaHUKe.

CeEMUHap

IV. HeynopsgoyeHHble CUCTEMbI U HEZIMHEWHbIE ABIEHUSA

1) MpoTtekaHue (nepkonauua) no pelweTtke ¢ gedbeKkTamu, 3a4a4a y3/108,
33/a4a CBA3EN, KNacTepbl, NEPKONALMOHHDBIN Nepexos ANA pa3AnNYHbIX
TUMOB PELLIETOK.

cemuHap

2) HenuHelHoe ypaBHeHue LLpéauHrepa, onepmMpoBaHme
6eCcKoHeYHOCTAMM B PUIMYECKUX CUCTEMAX.

cemuHap

3) JluHeapu3auua HENMHENHbIX cucTem aAnddepeHLnanbHbIX YpaBHEHUN,
ocobble ToYKK $a30BOro NPOCTPAHCTBA HEJIMHEMHON ANHAMUNYECKOM
cucTemMsbl, bBudypKauma, aTTPaKTOP AMHAMMUUYECKON CUCTEMDbI.

cemuHap

V. UHTerpanbHble Npeobpa3oBaHMa U MHTErpaabHble YpaBHEHMUSA

1) NpeobpasoBaHue Pypbe, AenbTa-PpyHKUNA U GYHKUMA [PUHa.

ceMMHap

2) MpeobpasoBaHue Slannaca, TUMbl MHTErPasbHbIX YPAaBHEHUIA U METOAbI
NX peLleHus.

ceMMHap

VI. Teopua rpynn n ee npunoxeHmA

1) OnpeaeneHuns u cBOMCTBa abCTPAKTHOM rpynnbl, KAacchbl
CONPAXKEHHOCTW, TPYNMNbl TPAHCAALNOHHOMN U BpaLLLATENbHOM
CMMMETPUU U CBSI3aHHbIE C HUMM 3aKOHbI COXpaHeHuUA, Teopema bnoxa,
Teopema BurHepa, ToueyHble rpynnbl CAMMETPUMN.

nexkums

2) TMpepacTaBaeHUa rpynn u UX CBOMCTBA, XapaKTep NpeacTaBaeHuUA,
npousBeaeHne NpeacTaB/ieHuii, Npasuia oTbopa, MeTos MHBAapPUAHTOB.

CeEMUHap




Detailed content and structure with sectioning of lectures/seminars:

I. Theory of functions of a complex variable

1) Functions of a complex variable, a mapping and a branch point, limit
and continuity of functions of a complex variable, derivative of a
function of a complex variable, Cauchy-Riemann condition.

lecture

2) Integration of the function of a complex variable, singular points,
Laurent series, residue theorem.

lecture

3) Conformal mapping.

seminar

IIl. Calculation of integrals and special functions

1) The use of symmetry in the calculation of integrals of a function,
integrals of even and odd functions, integration over a contour,
Jordan's lemma.

seminar

2) Gamma function, Beta function, error function, integral exponential
function, integral cosine and sine.

seminar

3) Solution of the Laplace equation in cylindrical and spherical
coordinates, Bessel functions and their properties, spherical functions
and their properties.

seminar

[ll. Approximate methods in physics

1) Asymptotic series, approximate methods for solving algebraic
equations, the method of steepest descent (stationary phase method).

lecture

2) Quasiclassical approximation in quantum mechanics (Wentzel-Kramers-
Brillouin method).

seminar

3) Variational methods in quantum mechanics.

seminar

IV. Disordered systems and nonlinear phenomena

1) Percolation (percolation) in a lattice with defects, site percolation
problem, bond percolation problem, clusters, percolation transition for
various types of lattices.

seminar

2) Non-linear Schrodinger equation, tackling infinities in physical systems.

seminar

3) Linearization of nonlinear systems of differential equations, singular
points of the phase space of a nonlinear dynamical system, bifurcation,
attractor of a dynamical system.

seminar

V. Integral transformations and integral equations

1) Fourier transform, delta function and Green function.

seminar

2) Laplace transform, types of integral equations and methods for solving
them.

seminar

VI. Group theory and its applications

1) Definitions and properties of an abstract group, conjugacy classes,
translational and rotational symmetry groups and the associated
conservation laws, the Bloch theorem, the Wigner theorem, point
symmetry groups.

lecture

2) Representations of groups and their properties, character of
representation, product of representations, selection rules, method of
invariants.

seminar




7. PeKomeHpa0BaHHAA AnTepartypa:

Textbooks:

[1]
(2]
3]

[4]
5]

(6]
[7]

Arfken G.B. and Weber H.J. (2001), Mathematical methods for physicists (5th
edn.), Academic Press, ISBN 0-120-59826-4.

Mathews J. and Walker R.L. (1970), Mathematical Methods of Physics (2nd
edition), Benjamin, ISBN 0-805-37002-1.

Spiegel M. R., Advanced Mathematics for Engineers and Scientists, (Chapter 13:
Complex Variables and Conformal Mapping).

Spiegel M.R., Complex Variables, (any edition), McGraw-Hill.

Stauffer D. (1985), Introduction to Percolation Theory, Taylor and Francis, ISBN 0-
850-663156 (UL: 530.13 STA).

Efros A.L. (1986), Physics and Geometry of Disorder, Mir Publishers.

Anselm A. (1981), Introduction to Semiconductor Theory, Mir Publishers.

8. MpepBapuTenbHO NpoiAeHHbIe Kypcbl, HeObxoauMble ANA U3yyeHUA npeameTa: /InHelHas
anrebpa, Matematnyeckmit aHanns, O6bIKHOBEHHbIE ANPPepeHLManbHble ypaBHEHUA,
MaTtemaTuueckan ¢um3snka, Obwan dunsmnka.

Course prerequisites:

Linear algebra, Mathematical analysis, Ordinary Differential Equations, Mathematical physics,
General physics.

9. TN camocToATe/IbHbIX 3a4aHUN:

Assignments:

Hometask problems example:

1) Evaluate integral

f«x’ sin(wt)tdt
0 t2+4712

,atw, T > 0.

Use Euler formula and Jordan lemma correctly.

2) Consider the Cauchy problem for diffusion equation (D = const > 0)

Jt

2

0 0
—u(t,x) = D=—=u(t,x), u(0,x) =34(x) < delta function, u(t,tee) — 0.

0x?2

a) Please write down by which one variable (x or t) it is appropriate to apply the

Fourier transform, and which one variable corresponds rather to the Laplace

transform? Why?

b) Please solve this Cauchy problem applying appropriately Fourier and Laplace

transforms, and after this taking their inverse transforms.

Colloguium problems example:

Inx

1) Find the limit using I'Hopitale rule: VS > 0 lim —-

2) Find real and imaginary parts of (— > 4+ —
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3) Use the Cauchy-Riemann theorem to find out which of the following functions is

analytic: f(z) = cos(z)



4) Evaluate integral f01+izzdz along the straight line joining0and 1 + i in C.
5) Evaluate integrals:

a) [, dx/(1+x%)

b) fj: dx f_+: dy xy(x? — y2)e~(*+y%)
6) Using the definition of Bessel function

~ = (x/2)2k+n
Jn(x) = ;(_1)k KT(n+k+ 1)

where n € N and using the property of Gamma function:

1 1
= tk=0,..,n—1 =
M-n+k+1) 0a 0,...,m and rM-n+k+1) (k—n)!

find the connection between J_,,(x) and J,,(x).
7) * Find the egeinenergies of the quantum mechanical system with initial Hamiltonian

atk = n,

-A 0 O
H, = < 0 O 0), where A > 0, which is perturbed by a potential V' =
0 0 O

0 b —-b
b b b ). Thecondition 0 < b K A is satisfied.
-b b —b

Exam problem example:

The electron starts to move in an external periodically varying electric field at £ = 0 in
an environment where friction may be retarded. The equation of motion of the electron

in this medium is written as

dv+/1ft (t—1t) t dt’ = = E, sin wt
P Ov exp . = o Sin wt.

Find a well-established periodical solution for v(t) = v,(t) att >» 1,A"! when At K 1

and wt K1 (i.e.t — 0); [10]

10. Kak oueHunBaeTca ycneBaemocTb No Kypcy:

OueHKa 3a KONNIOKBUYM Bblllie 160 paBHana «3» ABAAETCA AONYCKOM K 3K3ameHy ¢ O wrpadHbIX
6annos.

Ecnu oueHKa 3a KONJIOKBUYM HUXKE «3» UKW KONNOKBUYM He NMUCANCA, TO K 9K3aMeHY CTyAeHT
aonyckaetca ¢ 20 wrpadHbiMmM 6annamu, KOTopble BbIYMTAOTCA M3 06LLero Yyncna 6annos 3a
3K3aMeH.

Ha ycmoTpeHue npenogasatens Ana AONyCKa K 9K3ameHy 6e3 HauncneHuma wipadHbix 6annos
CTYAEHTY MOXKET ObITb 3aCYMTAHO BbINOSIHEHME OOLUNX NN NHAMBUAYANbHBIX AOMALLIHUX paboT
no Kypcy.

OugeHKa 3a MUCbMEHHbIN 3K3ameH — makcumym 100 6annos:

Ons oueHKn «5» Heobxoanmo HabpaTb MuHMUMYM 70 6annos;

Ons oueHKn «4» Heobxoanmo HabpaTb MUHUMYM 50 6annos;

Ons oueHKn «3» Heobxoanumo HabpaTb MuHUMYM 40 6annos;

Ecnn HabpaHo meHee 40 6anN0B — 3K3aMeH He caaH.



Grading policy:

The mark for a colloquium higher than or equal to «3» is an exam qualification with 0 penalty
points.

If the mark for a colloquium below «3» or if the colloquium was not written, then a student is
allowed to the exam with 20 penalty points, which are subtracted from the total number of
points for the exam.

At the discretion of the teacher for admission to the exam without calculating the penalty
points, the student may be credited with performing general or individual homework for the
course.

Maximum mark for the written exam is 100 points:

To get mark “3” minimum 40 points should be attained.

To get mark “4” minimum 50 points should be attained.

To get mark “5” minimum 70 points should be attained.

Less than 40 points attained means the exam is not passed.

11. lonoNHUTENbHbIE KOMMEHTAPUU: KYPC YNTAETCA HA AHFTIUACKOM A3bIKE, ANTENbHOCTb
BCEX IEKUMIN N CEMMHAPOB PACcCYMTaHa Ha 3 aCTPOHOMMYECKUX Yaca.

Additional comments: the course language is English, the duration of all lectures and seminars
is designed for 3 astronomical hours.



