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1 Preliminaries

1.1 Basic equations
Time harmonic Maxwell’s equations with exp (—iwt) time dependence:

VX E =iwuH (1)
VxH=J—iweE

Helmholtz equation either for the electric or magnetic field providing that the dielectric permittivity
and the magnetic permeability are constants:

VxVxH-—wepH =V xJ (2)
V xV x E —w?epuE = iwpJ (3)

Matching conditions and conditions at infinity define solutions of direct problems. Matching conditions
imply the continuity of the tangential electric and magnetic field components at material interfaces.
Conditions at infinity imply that the waves at large distances from scattering objects must be either
outgoing spherical or plane waves depending on a particular problem formulation.

1.2 Plane waves

The electromagnetic fields can be represented in terms of the vector and scalar potentials — A and .
Let they be related by the Lorentz gauge condition:

1

®+ VA=0
WEp Y
)
E=-Vyo+iwA = VVA+EA 4
¥ WEb,ub( b ) (4)
H=-—-VxA

Hb

Here constant material constants € = €5, @ = pp describe an infinite homogeneous “basis” medium.
The Helmholtz equation for the vector potential appears to be

AA + kA = —pod (5)

with k:f = w?epup. In the absence of sources J = 0 eigen solutions of the homogeneous isotropic
medium are plane waves:

A = Agexp (ikr), k| = ks (6)
Going back to the electric and magentic fields we get

i

E = [/ﬂgA() —k (kAo)} exp (Zk’l")

Wep Iy (7)
H = —Fk x Agexp (ikr)
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which are transverse in the isotropic medium. It is convenient to introduce the TE and TM polar-
izations relative to some Cartesian coordinate system (OXY Z). Correspoding unit vectors for these
polarizations will be

kT xe, ky . ks .
e = iX? =Lé,— —¢
|kt x é,] » 8)
gr_ REx Rt xe) | kb kke
h ™ |k)i X (k::t X éz)| B %kb z %kb Y k‘b g

where s = /k2 + k2, the wavevectors k* = (ku,k,, tk,) correspond to plane waves propagating

upwards and downwards with respect to axis Z, and the dispersion equation is k, = \/kg — 2
Rk, + Sk, > 0. Also, k* x éF = kyéi | k™ x éF = —kyéF, and éF x éf = k* /ky,.

Field decomposition in a homogeneous isotropic medium is a continuum of plane waves propagating
upwards and downwards with respect to the axis Z:

( I’f{ ((’;)) ) - /OO 7dkmdky exp (ikyx + ikyy) {( ﬁé )exp (ik.2) + ( 5’% )exp(—ikzZ)} (9)

—0o0 —0O0
where k% = k2 + k2, k. = \/w?ep — k2.

1.3 Power flow

Time averaged power density (observable quantity)
1
(S) = §R6 {Ex H*} (10)

When there is a distinguished axis Z one can relate the plane wave power density (S), with TE and
TM wave amplitudes

1 1 3 2
(S). = ~R{Ex H*}, = =R (acé, — —=anéy | x (ajé. + ——arey,
2 22 WEp Wty . (11)
1 1 1 1 +k\ 1 £k,
=R — JacP R+ — Jan kT ) b =2 |a* R + = lan* R
2 Wy WEY L, 2 Wity 2 WEY

1.4 Fresnel equations

Given a plane interface between two half-space homogeneous media with material parameters ¢ 2,
112, the tangential components of the electric and magnetic fields should be continuous across this
interface. Suppose that axis Z is orthogonal to the interface, then

Ea:,y (1’7 Y, _0) = Ez,y (xv Y, +0) (12)
Hfr’y (337 Y, _O) = Hx,y (33’ Y, +O)

For a plane wave field decomposition:

0o poo . . . . k . ky _._
E (z,y,40) = [T [°. dk.dkyexp (ik,x + ikyy) (ajej +a;é; — b ayér — b a; eh)
w

Ep WEY
o oo . ) . . k . ky  _._
E(z,y,—0)= [ [". dkdk,exp (ikyx + iky,y) (bjej +boé; — —bbzez - b, eh>
“;jb “’;b (13)
H (2,y,+0) = [ [*°_dk,dk, exp (ik,a + ikyy) (a;éj taé; + ——até + ——azé;
Wkﬂb UZ:Mb
H (2,y,-0) = [*_[*° dkydky exp (ikpa + ikyy) (b;éj +b e + —2btet + — b;éh>
Wiy Wiy



Then, usung the orthogonality of exponential factors we find that in-plane wavevector projections

preserve. Without loss of generality we can take k, = 0 so that the boundary conditions become
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Coefficients behind the amplitudes in the right-hand side are nothing that the Fresnel reflection and

transmission coeffients:
e Mikuo — pgka
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2 S and T matrices

2.1 Definitions and properties

Reflection and transmission of plane wave at a planar interface is described in terms of the Fresnel re-
flection and transmission coefficients. For simulation of linear optical properties of multilayer structures
it is convenient to group these coefficient into so called T and S-matrices. Consider a planar structure
(one or several plane layers and interfaces) parallel to the XY of a Cartesian coordinate system (Fig.
...). Time-harmonic field of incoming and outgoing plane waves at boundaries of the structure z = 21 o
have the form of a superposition of plane waves propagating upwards and downwards with respect to
the axis Z:

F = a" exp (ikyx + ik,2) + a~ exp (ikyz — ik, 2) (16)

with k., = y/wepo — k2 providing that k, = 0. Then, the T and S-matrices of the structure are defined
as
+ ++ - +
az \ _( T T a;
(a;)‘<T* T")(af) an
aj St Sie af
= 1 18
(o )-8 82) (5 o

Obviously, components of the S-matrix are nothing that the reflection and transmission coefficients,

Eq. (15):
ri1 tio
S = 19
( to1  Ta2 > (19)

The T-matrix can be derived from the Eqgs. (2), (3) and explicitly is

1 ( ligtor — riire2  T22 > (20)

= —T11 1

oty
Given a structure surrounded by a homogeneous isotropic medium, the energy conservation law
brings:
12 2 2 12 _
|af [+ |az | = |ar | + |a3 " = S'S =1 (21)
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Figure 1: To the definition of scattering and transmission matrices.

i.e., in this case S is a unitary matrix. Upon changing the time ¢ — —t (time reversal) we get
at = (a7)", a” — (at)", so that

+ * _ * —% + _
aq S11 Sz aq S Si2 ay a —x

1 = = 1 )= =5=5 22

( Qg ) ( So1 Saz ) ( a2+ So1 Sao ) aér (22)

When there are two adjacent structures with known matrices (4), (5) (Fig. (2)), S- and T-matrices

of the corresponding composite structure are found through compositions rules for these matrices. It

follows from the definition (2) that the composition of the T-matrices is simply the matrix multiplica-
tion

T=1W73 (23)

In case of S-matrices one can derive that
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Figure 2: To the composition rules for S- and T-matrices

To simulate reflection and transmission of a plane wave through a medium with continuously varying
refractive index n (z), the function n (z) can be approximated by a piecewise continuous function as
Fig. 3 shows. Such function corresponds to a multilayer structure which reflection and transmission
coefficients can be attained by successive composition of corresponding matrices of interfaces and
homogeneous layers. Interface matrices are written directly as (4) and (5) when 7 and ¢ mean the
Fresnel coefficients. Homogeneous layer matrices should only add a phase difference to the complex
wave amplitudes, and write

_ 0 exp (tk.h)
1= < exp (ik.h) 0 ) (25)
exp (ik-h) 0
T = ( "0 exp (—ik.h) ) (26)

Due to the presence of the negative sign exponent in (9) multiplication of the T-matrix become nu-
merically unstable for evanescent waves which have pure imaginary k., and using S-matrices in such
situations is preferable.
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Figure 3: Approximation of a medium with continuously varying refractive index n (z) by a set homo-
geneous plane layers with constant permittivity.

2.2 Fabry-Perot resonator

An ideal Fabry-Perot resonator is a plane parallel plate. Once a monochromatic beam is incident on
this plate, the transmitted wave is a sum of all waves reflected inside the resonator:

ik.h

L ) _ tiatase

+.. )=
1 — 72, c2iksh

ik.h 3ik.h Sik.
ar = Qine (t12t21€™=" + 19709702 o1 + 197097207207 20t21 €™ (27)

Instead we can use the S-matrix formalism. Consider a slab (parallel plate) in the region —h/2 < z <
h/2. S-matrix of the lower interface

SL:( —rr 1+rL) (28)

].—T’L rr

S-matrix of the lower interface and the homogeneous slab is

— —r (14+rp)exp (ik.h)
5= ( (1 —TL)GXLP (ikzh) 7L efcp (2ik.h) > (29)

S-matrix of the upper interface is
Sy = O (30)
v 1+ry —ry
Thus, the S-matrix of the whole slab is

(1 —r¢)rpexp(2ik.h) (14 7rp) (1 —ry)exp (ik.h)

g T ryrr exp (2ik,h) 1 —ryrp exp (2ik.h) (31)
slab (1—rr) (1 +ry)exp (ik.h) . (1 —7%) ry exp (2ik.h)
1 —ryrpexp (2ik.h) 1 —ryry exp (2ik;h)

Ifrp =ry =rao

.o l-ewp (2ik,h) (1 —73,) exp (ik.h)
2102, exp (2ik.h) 1 — 12, exp (2ik.h)

slab = . . 32
Sstab (1- 7“323 exp (ik,h) . 1 — exp (2ik.h) (82)
1 — 73, exp (2ik.h) 21 =12, exp (2ik.h)
In case of propagating wave roois purely real, and the power transmission coefficient
2 , 2 2 2
T (1 — 7‘22) exp (ik,h) _ (1 — Ra2) _ (1 = Ra2) (33)
1 — 72, exp (2ik.h) 1 — 2Rgs cos (2k,h) + R3, (1- R22)2 + 4Ry sin® (k. h)

where Rgs = 13,. A typical dependence of T (\) is a periodic set of maxima correspoding to points
k.h = wk. The quality factor is
_w  2nh VR
N 5w1/2 N A 1—R

(34)



2.3 Planar waveguide

Consider guided modes of a homogeneous slab. They can be derived from different considerations.
First, it is the phase-matching condition based on the geometric optical interpretation:

ih + o1 + o = 21k, k € Z

(35)

where h is the slab thickness, and 7 > are phases of the Fresnel reflection coefficients for waves reflected
at the slab plane interfaces. This equation holds both for the Fabry-Pero resonances and waveguide
modes, so in the case of the waveguide modes one should require the plane wave to be evanescent in

the media which surround the slab.

The second derivation is based on the plane wave solutions of the Maxwell’s equations. In case of

the TE polarization, Maxwell’s equations for the plane wave read:

OF
——Y = jwuH,
z
0
8—7’ = iwuH,
oH, “oH. .
— —_ £
0z Oz wesy
Inside the waveguide we search for a propagating solutions
. . 1 0F k
E, = exp (ik,x) [C1 sin (ko,z) + Cs cos (ko,2)]; Hy = o a—zy; H, = wTngy’
while outside — for evanescent solutions:
. h 1 OFE ks
E, = Csexp (ik,x) exp (—le (z - 2)) i H, = i 8;’; .= w—mEy,
1 0E, ke

h
E, = Cyexp (tkyx) exp (mz (z + 2)) cH, =
where k1, = \/k2 —w?e1 11 = ik1,. The interface conditions write

(' sin (kgjé) + C5 cos (kgzg) = (4

—C’lsin kQZg +OQCOS k‘gzg =C4

7]{:22 |:C1 (o)) <k22h> - C2 sin k22h>:| = iz C3
2 2 151

H2
—@ |:Cl coS <k‘22h> + Cysin <k‘2zh):| = _he Cy
1% 2 2 M1

It is easy to see that this system splits in two independent pairs:

Cdwpy 0z

h
201 sin </€232> = Cg - 04
—2& kQZ Cl COs <k‘22h> = 03 — 04 tan (k‘gzh> = —& k2z
o K1z 2 2 M2 K1z

=
h N ko.
2C5¢cos | ko,— | =C3+ Cy cot | koy= | = &i
2 2 K2 K1z

ko, . h
2& 2 (5 sin (k‘gz) =03+ Cy
M2 K1z 2

The latter equations are the dispersion equations for the even and odd modes.

H,=—F, z
Wi

The third derivation of the dispersion equation comes from the poles of the scattering matrix:

1

det S =0

—1 —1
Qout = Sainc =S Aoyt = Qine = S Qeig = 0=

(42)



For the slab this condition means

1 — r3y exp (2ik.oh) = 0 (43)
Take the square root:

pikoo —ipaK1, )
—= = " exp (ik,oh) = £1 44
Hikao +ipak, (ik=2h) (44)

where k1, = \/k2Z —w2e 1 = ik1,. Expanding the complex exponent into the sine and cosine func-

tions, and equalizing the real and imaginary parts brings

M1 kzg COS (k’zgh) + sin (kzgh) HoK1y = :I:,ulkz2

. 4
—pok1z o8 (kooh) + sin (kyoh) pik,e = £psk, (45)

Using the trigonometric equalities for double argument it is straightforwardly to see, that these equa-
tions yield only two independent conditions:

sin el k9 sin @ — ll2K1~ COS kzoh =0
B) H1Rz2 B) H2K1z B =

cos ngh ko cos LZ2h + oK1, SIn —kZ2h =0 o
9 H1Rz2 2 H2R1z 2 -
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Figure 4: Graphical solution of the Eq. (47)

Discrete spectrum of a slab waveguide is a set of modes in the region w,/e1pi1 < k; < w\/Eajiz. At
leas one TE mode exists for any thickness. Cut-off frequency for the first TM mode is k,oh/2 = 7/2,

kzo = we/Eaplo — €11

3 1D photonic crystals

1D photoinc crystal is an infinite periodic set of plane layers of different permittivity (and permeability).
Such structure admit an almost analytical treatment, so it is convenient to derive important properties
of photonic crystals by considering the 1D case.

In the following derivations we will use the Floquet-Bloch theorem: solutions of the wave equation
in a periodic potential with period A can be represented as products ® (z, z) = ¢ (z, 2) exp (ikz) where
@ (z, 2) is the z-periodic function with period A, and k is the Bloch wavevector modulo.



3.1 Dispersion

The homogeneous Helmholtz equation
1
V x -V x H=w?uH (48)
€

is an eigenvalue equation for each fixed Bloch wavenumber k. The solutions should also be eigenstates
of the translation operator — Bloch wavefunctions. The corresponding eigenvalues

Toseinna® (z,2) = @ (2,2 + nA) = exp (iknA) @ (x, 2) (49)

The eigenvalues are the same for any k + mG with G = 27/A. This is called reciprocal lattice. The
eigenstate appears to be degenerate for the set of Bloch wavenumbers k+mG. Therefore, for a complete
description of wave dispersion in 1D photonic crystals it is sufficient to consider —G/2 < k < G/2
region only: w (k) = w(k 4+ mG). This region is called the first Brillouen zone. Also in case of pure
dielectric materials form time-reversal symmetry w (—k) = w (k): since eigenvalues of an Hermitial
operator are real and positive

v x év « H* = ()2 poH* = H* = h* (2, 2) exp (—ikz) = w (—k) = w (k) (50)

In the vicinity of & = 0 the dispersion is linear as the wavelentgh is much larger than the period
in the empty-lattice model. So the light propagates in some effective medium. At the edge of the
Brillouin zone two counter-propagating waves exp (+ikz) meet and form a standing wave. Thus, the
group velocity dw/dk = 0.
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Figure 5: Disperison of 1D PhC for wave propagation perpendicular to the layers. Blue line — weak
refractive index contrast; red line — high contrast.

3.2 1D PhC band diagram calculation example

Consider first a simple case case of wave propagation perpendicular to the layers of the 1D photonic
crystal, and apply the Fourier method to solve the wave equation. Fourier decomposition of the
periodic dielectric function:

A
0 1

“()= 3 ewep(2ning) e = g [ dee e (2min ) (51)

n=—oo 0

d d

Ele + 52X2 n=20 ( )

n sin (mndy /A
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The field E, in case of the TE polarization in accordance with the Bloch theorem can also be represented

as a series
Z On €XP [ (k + An) z} (53)

This field satisfies the wave equation
d’E, (=
7()+w25()u0E (2)=0 (54)

Substitute the Fourier decompositions:

. [Zif_oo o (1 252 (3 (5 ﬂ )

27p

o [ S Em eXD (zmm%)} {E;Ooo 1y exp ( <k + A) z)] =0

2
Let us multiply both parts of the equation by exp <—i (k + Xq) z), and integrate over the period.

The first term 1is

DI <k+27/§”> b S dzexp( (k+ A”) z) eXp< (kJrQZq) )

= <k: + A) Py, fOA dzexp <22X (n—q) z) (56)
2
i (k+ 21”) YuhGy_g = (k+ 271'(]) bol

The second term is

2rm  27p . 2mq
2 [ee] (oo} = = r _ =71
wg Y m}oogp_ oogmwpfo dzexp( (k;+ A + A )z)exp( z<k+ A )z) (57)
= OJ2,U,0 Zfr?:foo Z;ozfoo 5m¢pA5m+p7q = A Z;ifoo EQ*PQZ)P

This is nothing that the convolution theorem for the Fourier series. Thus,

<k+ 27“1) Py — w? Mo Z €q—m¥Pm =0 (58)

m=—0oQ
This is the generalized eigenvalue equation. In the normalized form it writes
kA \? koA )’ &
(% + q> g = (%) 2, camitm (59)

Eigenfrequencies are found upon truncation of infinite series and solving a finite matrix equation.
Components €,4_,, constitute a matrix, which elements depends on the index difference only. Such
matrices are called Toeplitz matrices.

3.3 Modal solutions

To generalize the results of the previous section let us construct the complete modal basis for a
1D PhC with material parameters being periodic functions of the coordinate x: € (z) = € (z + nA),
p(z) = p(z+nA), n € Z. Maxwell’s equations for the TE and TM polarizations split into two
independent sets:

— =jwuH, (60)




= —jwek, (61)

Ox

OFE,
0z ox

Denote 7. (2) = p(z), nn (2) = €(2). Due to the translation invariance in the layer plane one can

decompose E, = 1°(z) exp (i3°z) in the TE case, and H, = ¢" (z) exp (i8"z) in the TM case. This

result comes from the fact that a general solution appears to be separable:

= iwpH,

0 1 OFE 0 1 OF
& (’u(z>azy) + % (’u(z>axy) +w2€(z)Ey =0=E, Zf(l‘)ib(Z) = (62)
L @) p()d (1 90 B
= £(0) da? + 0 (o) dz (M(Z) 5, ) +wie () p(z) =0 (63)
L d2£ (x) — _/82
=3 a1t ) (Zglf”z = € (z) ~ exp (£ifz) (64)
2 2 _
S0 (a e ) T @nt) - =0
The Maxwell’s equations yield an eigenvalue problem, which has the same form for both polariza-
tions:
d 1 d
O (502 + e v e = Fo ) (65)
Denote the second order operator
d d
Leh =Ne,n (2) - (nehl(z)dz) +w?e (2) p (2) = LY (2) = B2 (2) (66)

In case of a pure dielectric material this operator is self-conjugate, having real eigenvalues and eigen
functions which form a complete orthonormal set

21/1m (Z): 'rznwm (Z) (67)
A _

1 [ (2) 9y () L

< 0/ T T (68)

In case of lossy materials one can also construct a complete set of solutions, and for this purpose
bi-orhogonal bases should be used.
In each layer material parameters are constant, and the differential equation becomes

d*y (z)
dz?

Solutions of this second order equation with constant coefficients are harmonic functions, so that the
modal solutions can be written generally as

+ wey ap1,20 (2) = B2 (2) (69)

a1m exp (ik12) + agm exp (—ik12z) 0<z<d

U (x,2) = exp (iBma) { (70)

bim exp (ikaz) + bom exp (—ikez) d<z <A

with k12 = y/w?e1 201 2 — B2. Second solution (magnetic field in the TE case and the electric field in
the TM case):

1 ) .
1 dipy, (2 . - [a1m exp (ik12) — agm exp (—ik12)] 0<z2<d

Xm (2) = F+ % = Fexp (iBmx) %Zl
WW,2 z - [b1m exp (ikoz) — bop exp (—ikgz)] d <z <A

iwns

(71)
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where the sign F corresponds to different polarizations in accordance with Maxwell’s equations. Con-
tinuity of the solutions at the interface z = 0 yield an interface T-matrix:

A1m + G2m = bim + by,

K K
- (alm - a2m) - =2 (blm - me)
m 2
M K2 M K2 (72)
14—-—— 1-——
= ( @m ) _p bim ) _ 1 2 K1 2 K1 bim
a2m boam 2 1— n K2 1+ n k2 bom
N2 K1 2 K1

Using this expression we can evaluate a T-matrix of the PhC period.

theorem for some Bloch wavenumber k

In accordance with the Bloch

72 K1 N2 K1
. 1+—=— 1-—=—
T, = exp (ikads) 0 1 + 1 Ko 1 Ko
0 exp(—ikady) )2\ (_RFL | 2K
K K
1+ﬂ@ 1Tﬁi e (73)
exp (ilildl) 0 1 o K1 2 K1 o .
x < 0 exp(—iridy) )2\ (A2 ke | exp (ikoA) I
M2 k1 2 K1
Here dy = d, do = A — dy. Performing multiplications one finds that
Ta1l = lemde (eilﬂdl + e—ilﬂdl) + 1 (772"<51 771[{2) etrzd (eilﬂdl _ e—ilﬂdl)
2 4 \m ka2 12 K1
Thyy = 1 (’72“1 _ M R2 ) ikad, (eirrdr — gmimdr)
4 \m ke 12KI1 (74)
Taor = ,1 @ﬂ _ ﬂ@ e~ iradz (eilﬂdl _ efilﬂdl)
4 \mrK2 M2kl
Thos = le—mzdz (eimd1 + e—imd1) _ @ﬂ 771,{2) e—mgdz (eimdl _ e—mldl)
2 4 1’}1 K92 ’/]2 K1

The determinant of the [T — exp (ikoA) I] should be zero. Using the Euler’s formula for complex
exponents one attains
M2 K1

4etF2d2 cog (Kldl) + 27 ( + 771“2) etr2d2 gin (Kldl) _ 4€ikoA] %
T kK2 T2 K1

%% + %% e~ 22 gin (k1dy) — 46”“0/‘} —

1 K2 2 K1

4 (nm k2
mK2 T2k1

x |4e~ 292 cos (kydy) — 2i (75)

sin (k1dy) sin (k1dy) =0

where from

2kl | 4 gikoh [(W’ﬁ +
m K2

771“2) sin (k1dy) sin (k1dy) — 2 cos (k1dy) cos (mdl)] =0
T2 K1

Both real and imaginary parts yield the same dispersion equation:

M K2

1
cos (koA) = cos (kadz) cos (k1dy) — = <772H1 +
2 K1

i dy) si d
5 Ui s >SIH(I£1 1) sin (kads2)

If kg = 0 the dispersion equation splits into two equations for even and odd modes:

1
1 = cos (kads) cos (k1dy) — = <772H1 n k2

2 M k2 T2 K1
=

+ 2k sin Fudy CcoS Fidy sin rad cos riads
m K2 2 2 2 2 N
+ cos? (Hldl) sin? <H2d2> + MR2 Gin (H1d1> cos (md1> sin <52d2> cos (K2d2> =0
2 p T 1 2 2 P 2

(79)

> sin (Iildl) sin (Kgdg) =

11
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cos B sin 2 + ——sIn B coSs B
" F2 = (80)
¢

=
d d d d
X [ 0s ("12 1) sin ("222> + %%Sin (/4:12 1) cos (/@22 2)] —0

cot H12d1 tan H22d2 = _e k1

M k2
= 1
K1dy Kady\ M1 k2 (81)

cot tan -1

2 2 N2 K1

Solution of Eq. (77) maybe treaky, though, in case of the TE polarization and pure dielectric structure
(consider 5 > £1) one can single out three regions: there are no solutions for 3% > w2es g, there is at
least one solution in the region w?eiug < 4% < w?eapg, and the right hand-part of Eq. (77) oscillates
with maxima > 1 and minima < —1 (see the figure).

fTE
o

Figure 6: Right-hand part of Eq. (77) for a dielectric photonic crystal in TE polarization.
In order to construct the modal field let us take the derived functions in the following form:

ay cos (K12) +agsin(k1z) 0<z<d

82
by cos (K2z) + bosin (kez) d<z<A (82)

VY (z,z) = exp (ifx) {

K1

_ . wn
r,z) = Fexp (ifzr 83
x (%) p(ifz) 2 [—by sin (kex) + by cos (kaz)] d<z<A (83)
iwno

[—aqysin (k1x) + azcos (k12)] 0<z<d

and relate the amplitudes via the boundary and periodic conditions. To simplify this procedure, first,
let us neglect the periodic Bloch condition and assume either a; = 1, aa =0 or a; = 0, az = 1 (denote
the corresponding functions as 1", (), and ®), X(Q)). In the first case the boundary conditions at
z = dj yield

cos (k1dy) = bgl) cos (kady) + b(21) sin (kady)

a2 sin (k1d;) = 2 [bgl) sin (kedy) — bél) cos (mdl)} (84)
Uit 72
bgl) = cos (k1dy) cos (kady) + 258 Gn (k1dq) sin (kadr)
= W it (85)
by’ = sin (kady ) cos (k1dy) — — — sin (k1dy) cos (k2d)
m kK2
In the second case when a; = 0:
b§2) = sin (k1d1) cos (kady) — D21 os (k1dy) sin (kady)
@) it (86)
by’ = sin (k1dy) sin (k2dy) + 777/? cos (k1dy) cos (kady)
1 K2
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So that

" ‘ cos (Kk12) 0<2<d
P (2) = exp (iBz) cos (k1dy) cos (ke (2 — dy)) — D2 Gin (k1di)sin (ke (z —dy)) d<z<A (87)
m K2
@ ‘ sin (Kk12) 0<2<d
W (2) = e (B2) G (1e1dy ) cos (ki (2 — di)) + 2L cos (krdy ) sin (s (2 — di)) d<z<A (&8
m K2
Now suppose that the full solution is a composition of the attained (), 1) and x, y):
= (1) (2) i
b (w,2) = C [0 () + adl® ()] exp (i) )

X (z,2) = C [xW (2) + ax? (2)] exp (ifz)
The periodic Bloch condition allows finding the constant «:

Y (x, +0) = exp (tkzoA) ¢ (x, A —0)
. N2 kK1 . .
e (—iksoA) — M (A) B exp (—ikg o) — cos (k1dy) cos (kads) + P sin (k1dy ) sin (kads)

P2 (A) sin (k1d1) cos (kads) + %% cos (k1dq) sin (kads)
1 K2
(90)
Normalization constant C is found from the orthogonality condition
1 a@TE
A wr (2)
= (% = A (91)
a [0 (2) + ap® (2)] [ (2) + ay® (2)]
I o dz

3.4 Effective medium approximations for 1D photonic crystals

Consider the dispersion equation in the limit kA — 0, ko = 0.

d d
cot [ 1) gan (2202 = 211 (92)
2 2 M K2

For small arguments tan o =~ «, hence,

Kada M2k ds 2 2 o 2d2771€2u2+d1772€1M1

kidy M ko - 4T Ty - ding + dam =5 (93)
In case of the pure dielectric media and TE/TM polarizations we get
PREECE (o ey = D0 (94)
di do\ 7!
g daciea + dig2ey By 2 h = + £9
dieg + dae; Ho = (/8 ) = Cerf = di + ds (95)

Then, one can see that in the limit of the small period the photonic crystal behaves as a uniaxial
medium. Based on the S-matrix method an optical responce ofthe slab in such a case can be analyzed
via simplified equations (see the Appendix).

13



4 1D photonic crystal slab

In the following methods the diffraction problem is solved in two steps. First the grating region
—h/2 < z < h/2 is considered as a composite medium — photonic crystal, and one calculates Fourier
decomposition of eigen waves in the corresponding infinite 1D photonic crystal. Then, owing these
eigen solutions of the Maxwell’s equations they should be stitched with the fields in the substrate
(# < —h/2) and in the cover (z > h/2). The fields in the substrate and in the cover are represented in
terms of sets of plane waves propagating upwards and downwards relative to axis Z.

The qualitative diespersion relation for the photonic crystal can be attined from the dispersion of a
homogeneous slab waveguide by imposing the periodicity condition iand considering the first Brillouen
zone, shematically shown in Figure 7.

0.4
(a)

08 Brillouin

zone

detuning

normalized frequency AlA

Figure 7: Qualitative explanation of the dispersion in a PhC slab (from H. Kurt, et. al., JOSA B, 25,
C1 (2008))

4.1 True Modal Method

Consider a photonic crystal slab parallel to z = 0 plane, with axis X being the periodicity direction.
Owing to the modal decomposition for an infinite 1D photonic crystal, e.g., for the TE polarization

By =" [af, exp (ifm2) + ar, exp (=ifm2)] v (x) (96)
Ho= = 30 2 [t exp (1802) — a0 (i8] o 0 o7)

we can use the boundary conditions to relate the plane wave decomposition in the homogeneous space
which surrounds the slab with the modal decomposition inside the slab via reflection and transmission
matrices.

Let us start with calculating a scattering matrix of a single interface z = 0 between 1D PhC
and a homogeneous medium. Below the interface the field is expanded into the modal solutions with
coefficients a;> and the above — into the plane waves with coefficients b:

E, (-0) = E, (+0)
{ H,(~0)=H,(+0) ~
Zm (a’;:@ + ar_n) Ym (55) = Zn (]Sr—t + br_L) exp (Zkznx) (98)
T S 2 (e ) o (0) = 5 5 (0 = ) e ()

Denote coefficient vectors a* = {a}, b* = {b}}. Multiply the latter equations by ¢ (z), in-
tegrate along the period, and apply the orthogonality of modal functions in the TE polarization

14



Jo' () 03 () dr = Wt Ady_pn:
{ +a— > (bF +by) My, :>{ a+:%(M+N)b+
(l Z Nmn(n_b;) 2

where the matrix elements M,,, = oA fo exp (tkznx) ¥, (x) dx, Npp = I;;" M,,,. This is the T-
matrix relation. It can be transformeJ to an S-matrix relation:

(99)

a =

bt =2(M+N)'at —(M+N)"" (M—N)b
“=(M-N)(M+N)"at+ [%(M—l—N)—%(M—N)(M+N)_1(M_N)} b (100)
N - — (M +N)™" (M - N) 2(M+N)™*
° ( I(M+N) =L (M=N)(M+N)" (M=N) (M—-N)(M+N)"" ) (101)

The same steps can be used to derive a scattering matrix of a photonic crystal slab:

1. write down the field plane wave expansion in the half-infinite media above and below the slab,
and the modal expansion within the slab

2. apply the boundary conditions at the upper and lower interfaces of the slab (z = +h/2)

3. express the amplitude vectors for outgoing plane waves above and below the slab via amplitude
vectors of incoming plane waves

4.2 Fourier modal method

The idea of the Fourier modal method (FMM) is just the same as in the modal method, but instead
of the true modal field solutions of the 1D photonic crystal one seeks for the eigen solutions in the
Fourier space. Consider a photonic crystal slab parallel to z = 0 plane, with axis X being the periodicity
direction. First, we start with an infinite photonic crystal, invoke the Bloch theorem, and decompose
the periodic part of the field into the Fourier series

O (z,2) = exp (tkz) ¢ Z ©m (2) exp (ikzmT) (102)

where kg, = ko + Q%m. Also, for the periodic permittivity e () = ), emexp (zm%ﬂx) A special
attention should be payed to the Fourier decomposition of products D, ., = eE, .. It has to be taken
into account that since the function e (z) is discontinuous, solutions to the diffraction problem lie in
the set of distributions (generalized functions). Due to the boundary conditions at vertical interfaces
separating different materials of the photonic crystal F, is continuous along the X direction whereas
E, is not. Formally, the electric displacement field should meet the equation VD = 0. However, a
derivative of a product of two discontinuous distributions with coincident points of discontinuities,
as eF,, does not exist. Therefore, one may expect that the Fourier decomposition of D, = ¢FE,
would yield a poor convergence to the method. To overcome this issue it was proposed to, first,
rewrite this equality as éDm = F,, second, perform the Fourier transform Z (1/ €)pn Dan = Ezm,
third, truncate the serles to get finite Vectors and matrices, and then express the requlred amplitude
vector D, = [1/e] " E,, where [1/e] " is inverse of the truncated Fourier matrix, and Dy = {Dy, },
E, = {Exm} This said, substitution of Fourier decomposed field and permittivity into Maxwell’s
equations (60) and (61) yields

~ 2B, (2) = iwpoH, (2)
iKE, (z) = itwpoH, (2) (103)
ZH, (2) —iKH, (2) = —iw [e] B, (2)
for the TE polarization, and
LH,(2)=iw[l/e] ' E, (2)
iKH, (2) = —iw[£] B. (2) (104)
%Ez (2) —iKE, (2) = iwpoHy (2)
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for the TM polarization. The diagonal matrix K = {k,,,}. After rearranging the terms one obtains
the corresponding differential equations for the Fourier components of the fields (the the TE and TM
polarization):

d2
528y (2) + (w?po [e] — K?) Ey (2) =0 (105)
-1
o ( Hy,(z) : 0 [1/€] H,(z)
_ = _ 1
RE ( Eo(2) ) T\ wo(1- 25K K) 0 E, (=) (106)
w= Ko
Solutions of these differential equations can be searched in form ¢, (2) = ¢mexp (ifz). Denote

the field coefficient vectors with small letters e, and h. This yields the following matrix eigenvalue
problems:

Be, = (Wino [e] — K?) e, = Mce, (107)

iﬂ( Zi ) :"“’< o (T - w;jK ] &) [1/2]]_1 ) < Zi’ ) -

(Yo%)
[/ (1- A KT K) 0

2#0

0 (I — AK[E] K) M/e "

and:

M = w?po

Numerical solution of these two eigenvalue problems yields vectors of propagation constants 3 = { ﬁﬁ;h}
and corresponding eigenvectors ey, and hy, e,.

Analogously to the true modal method, at the second step one has to apply the boundary conditions
at the slab interfaces z = +d/2 on the continuity of the tangential field components

—_ad _ _1d
E.y (z = :i:g — 0) =F,y (z = :i:% + 0) (109)
Hyy(2=+4%-0)=H,, (2 =+%+0)
The general field decomposition for the periodic problem under consideration in a homogeneous
isotropic medium is (compare with Eq. (13))

. k . ,
astest — afn“‘eﬁj‘) exp (ikym?)
, we
E (z,y,2) =), exp (ikgm)
+(an e — —aleh ) exp (—ikznz)
we
alrect + @af,jé’n’j exp (ikym2)

H (z,y,2) =), exp (ikgma)
+ (a

k
h=ge— + afn_éﬁl_) exp (—ikymz)
wi

Consider for simplicity the TE polarization (treatment of the TM case is quite similar). The explicit
decomposition of the field in the lower half-space (with ¢ = &1, and B = Jwlerpg — k2,.) when
z<h/2is

e+ e—

a a

E . ‘ . d s ) d
( Hy ) = Zexp (ikym) gL er | &P {zki% <z + 2)] + A o | exp {—zkgz (z + 5
’ m w—m]am ~ wio m

(111)
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Here we used explicit components of the polarization unit vectors given by Eq. (8). Analogously, for

the upper homogeneous medium (with € = €3, and k2 = w2eapo — k2,,), 2 > h/2:
( Hz ) = Zexp (tkgmx) @bﬁj exp [zkg,)l (z - 2)] 1 E2) e exp [—zkg,)l (z — 2)]
m Wity Wi

(112)
Within the slab the modal decomposition writes

< f{z ) = ;GXP (ikam) Y e exp (i) + ¢ exp (—ify2)] < puan > (113)

h:z:qm

Then, the interface conditions (109) yield (here one shoud use the orthogonality of factors exp (ikzmx)):

1 1
e+ _'ﬁ é) 0 ct
O ) ( . )= < Syam  Eygm ) (eXp( a2 . ) < i ) 114
W B W m zq: h’a;qm hl‘qm 0 exp (Zﬁq %) Cq ( )
0 0
(12) 1(2) byt €yq €yq exp (Zﬂqg) 0 C;r
kzm kxm ZL— = " " . il 115
ol ) (G ) =20 ) (770 iy ) (5) 09
0 0

The matrices in the left-had parts can be inverted, and the equations can be rearranged to give

e+ (1) . +
() =20 iy )2 cmd (8 0 ) (o ™0 ) (5
e 1 )
(o ) =30, wj%?ij oo id) (0 ) (i ) (
In the matrix-vector form they give the S-matrix o)
Z:j = Q" EJ: a®” 1 a*t a®t
) g () mr@ (gl )-s () am
e c—

4.3 Emission from 1D photonic crystal

To describe luminescence in a complex structure one can use the FMM together with the reciprocity
conditions. We start with deriving the reciprocity theorem for time-harmonic Maxwell’s equations

V x E =iwB

VxH=J—iwD (118)
with linear relations
D=cFE
B—uH (119)

defined by symmetric tensors. Consider two different monochromatic sources having equal frequencies
w: JLQ.

V x E1 = inl 'H2 - H2 -V x E1 = inQ . B1 (120)
Vx Hy =J; —iwD; -Ey Ey, VxH=E; -J —iwFEy- D
V x Ey =iwBsy . (_Hl) - —H, -V x Ey,=—iwH; - By (121)
VXHQZJQ—iwDQ (—El) —El'VXHQZ—El'J2+in1'D2
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Sum up all the equations:
Hy; VXE,—H, VxEy+FEy,VNxH|—FE-VxHy=FE;-J —E;-Js (122)

Where we used the fact that
H; - B, = HogprogH1g = Hagpigat1g = Hy - By

E2 . Dl = E1 . D2 (123)
Then, apply V(AxB)=B-VxA—-A-V x B:
V[(El X H2)+(H1 XEQ)} :EQ'Jlel'JQ (124)
Integrate over the total space:
/dsrv [(Ey x Hy) + (H, x Ey)] = /d%« (Ey-J, — E; - J>) (125)
/d3rV [(El X HQ) + (Hl X EQ)] = /da . [(El X HQ) + (H1 X Eg)] =0 (126)
Thus,
/d3r (Ey-Jy) = /d3r (E; - J>) (127)

Now consider a PhC slab with local incoherent sources. To find the field they emit at infinity at
a given direction (0, po) we can apply the reciprocity theorem, where J; = Jj, (7) is a local dipole
source, By = Eecpmi (00, 00) = Eemi exp (ikor) — the (unknown) plane wave field emitted by this source
at infinity, Jo2 = Jezt (B0, o) is a dipole source at infinity, and Ey = F,,. (r) is the local field excited
by an incident plane wave. The monochromatic local dipole source

Jioc (1) = —iwPiocd (1 — 14) (128)
Then,
—iw / d®*rEoye (1) pad (r —14) = /dS’l"Eemi exp (ikinet) Jext (B0, o) (129)
Suppose the external source is also a dipole source of unit amplitude |pesc| = 1, where pes. L ko,
Eecrc||Peae:
” Pioc * Eeac (Ta) = Peac - Eemi exp (ikoToo) (130)
[BLEM = [ BEET () (131)

Power flow of the TE and TM polarizations:
_ 1l pre2 M2 g Ko
P, (plOC?Td) - § ‘Eemi’ é}%(ko) + ‘Eemi’ i :b (132)
Averaging over dipole orientations:
1 o
2N,

Pz (ploo, rd) =

exc

2 2 [k
ol B2 ) R0+ ol BZET ) R ()] (s
k=1

or

1 2 2 k
P i) = o= [ @ ||proc ELET )R (ko) + oo EZET )0 (22)] - (13)
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5 Resonant effects in 1D photonic crystal slabs

Consider calculation of the reflectance spectrum from a 1D PhC subwavelength dielectric slab by the
FMM (slab parameters are h = 0.255um, A = 1.15um, d/A = 0.4, e; = 3.17%, g5 = 1) for §p = 0°
and 0y = 1° angles of incidence [...]. The result is given in figure ... . One can distinguish a sharp
asymmetric resonance at 1° angle of incidence which cannot be found at normal incidence (when
kwo = 0 — at T point). This resonance is due to an excitation of the slab mode, which has an odd
(asymmetric) field profie. Since the field of the incident plane wave at k.o = 0 is purely symmetric, it
cannot be coupled to this mode. At small angles the coupling is very small, so the quality factor of
the resonance is very high.

5.1 Symmetric and asymmetric resonance shape

In this section consider simple resonant systems, which exhibit either symmetric or asymmetric reso-
nance lineshape. An example of a simple resonant system is a 1D oscillator, which motion is governed

by the wave equation

d*x dz 2
2 + 275 +wiz=f (135)
For the external harmonic force f = fjexp (iwt) a general solution for sustained oscillations can be

searched in form x = C (w) exp (iwt). Substitution into the wave equation yields

[
() = .
Clw) =T o V(e ) + w2 (136)
wg — w? + 2wy 2wy
arg C (w) = arctan <22)
w? — W

For sufficiently small losses in the vicinity of the resonance |w — wp| < wp the lineshape can be
approximated by the Lorentzian

Jo N vfo

C W)~ : _~ :
1 (wo + w)” (wy — w) ] wo [(w—wo) +272}

(137)

2 14+ =
Wyt 2 4w?~2?

This lineshape has a symmetric profile, which is generally the case when an exciting field interacts with
a resonant system. Resonance position of the latter equation is determined by the poles of function
1C(w)l:

(w—wo)> +27% = 0= wres = wo +iV2y (138)

Here one should choose the sign 4, which corresponds to the damping. The quality factor, which is
equal to the ratio between the stored and lost energy by one period of oscillations (or the relation of
the resonant frequency to the half-width of the resonance line) can be related to the imaginry part of
the resonance frequency:
Q _ Wsto’red o @ N §R(Wres)
Wiost 2y Q) (wres)
A model, which gives an asymmetric lineshape is more sophysticated. Let us consider two coupled
oscillators with an external force exciting one of them:

(139)

d*z dz .
dt21 + 2717; + Wi 1 +vrg = foexp (iwt)
L B SRR 0 o
—= 4 WhyTe + vy =
a2z g TeT2 TR

For simplicity suppose that wp; = wg2, 72 = 0, and 71,v < wp1. Then one can search for solutions
x1,2 = 1,2 exp (iwt). Substitution yields:

cl (w%l —w? 4+ 2i’ylw) 4+ veg = fy (141)
vey + ca (w%Q — w2) =0
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In the absence of the external force one gets the dispersion equation
(wgl —w® + 2imw) (wiy — wz) —0v?2 =0 (142)
which solutions define the eigenfrequencies of the system. Solution of Eq. (141) is

fo (w(2)2 - Wz)
2

- 2
(wg —w? + 2171:)}0(0;102 —w?) —v? (143)

Cc1 =

Cy = —

(wiy — w? + 2imw) (wfy — w?) — v?
For the first power coefficient in case w &~ wos (hence, (wgy — w?) ~ 2wz (wo2 — w))

13 (why — w?)*

‘Cl|2 = 2 2
(B — ) (B — ) — 2+ ne? (i — ?) (144)
~ 4f02w82 (WOQ — UJ) _ |001‘2 (6 + q)
~ 5 =
[2wo2 (wh) — ws) (wo2 — w) — v2]” + 1673wl (wo2 — w)® 41
with )
— (w(Q)l - w82) + 47%(‘)32 (w o w02) o ng - wgl
vy 2y1wo2
(.4)2 — (.L)2
_ Wo2 01
9= —5 (145)
Y1Wo2
/3 vy}

o |* = 1.2
2
v {(Wa — wpy) +4712W(2)2]

The asymmetry of the responce can be seen by taking w = wpe — in this case |¢1| = 0. The latter of
Eq. (144) is a general form for the asymmetric Fano lineshape profile. If considering a particle having
two scattering chennels: one is directly to the continuum, and the second is to a bound state with a
further tunneling to the continuum, then, variable ¢ has the meaning of the energy, and the parameter
q characterizes the relation of the probabilitites for the paricle to scatter through each channel. In the
normalized form

1 (e+q)2
= Y Gmar = 1 146
= e (146)
1
0.8
06
[S]
0.4
\\\
02 h

[e:]
(o]
S
[N
[=]
N
~
o]
[+2]

Figure 8: Fano formula lineshapes, Eq. (146). Red line — for ¢ = 1, blue line — for ¢ = 0, green line —
for g = oc.
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5.2 Calculation of zeros and poles

In physical problems the equation for eigenmodes or resonances
det S71 =0 (147)

can be a transcendental equation like in case of the slab waveguide, a polynomial equation like in
case of a simple resonator, a matrix equation, or even be defined by a numerical algorithm. There is
no universal method to solve it, so in each case one has to search for a most appropriate way. The
equation is equivalent to a search for poles of the scattering matrix.

In case when the dispersion relation is defined by a polynomial or transcendental function f (z)
one apply the Newton root-finging method: given an inital approximation xy do until convergence:

[ (zk)

=T — 148
T T I (xx) (148)
This is the consequence of the Taylor series decomposition:
~ _ / _ _ f(xk)
0~ f(zp+ Az) = f () + [ (21) Az = Az = 2ppq1 — 2 = o) (149)

When function f is complex-valued one should take care when searching for all zeros since a set of
initial approximations which converge to a given root is a fractal set (called Newton bassin) (see Figure
9). Sometimes it is useful to search for roots with a higher order approximation, e.g., the third order
Halley method:

0% f (on+ Ar) = f (z2) + f' (21) A + 5 1" () (D)
> Ap =L @) <1 - \/1 ot <zk>f<wk>> RPN PCAPLCANS (f” <wk>f<xk>>2

F (@) ! (zn)])? @)\ @) [ ()]
_ S 1" (zg) f (k)
() (H 2 [ (z)])? )

(150)

-05

0.5

;
Figure 9: Newton bassin for a third order polynomial.
If one faces the matrix equation S~'a = 0, analogs for the Newton and Halley methods can

be derived. First, given an approximation for the root w,, consider a decomposition of the inverse
scattering matrix aroun zero:

-1
S7Hw) =~ S (wn) + (W —wp) [djw ] ) (151)
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Then let us multiply this matrix equation by a scattered amplitude vector a, and evaluate the equality
in the pole:
ds—1

0=5S"1(w)a= S wy)a+ (wp—wy) | — a
{ du ]w=wn (152)

—1
= (wy, — wp) [ng] a~S 1t (w,)a

We attain the generalized eigenvalue problem, and once it is solved the minimal eigenvalue can be used
to get a new approximation wy,y1:

-1
Wni1 = Wy — min eig (S—l (wn) [djw ] ) (153)

Usually this methods leads to a rapid loss of accuracy due to the inversion operation with the incresing
matrix dimension.
To avoid matrix inversion consider a resonant decomposition of the scattering matrix

Sw =AW+ Uf’;:m (154)

with slowly varying matrix function A (w), and pole amplitude matrices B,,. Since S™! (wpm)a =
0, then ker S~' describes eigen fields, and ImB,, = ker S~!'. If rankB,, = r, then there exists a
decomposition B,, = L,,R,, with L,, Cc C"*", R,, C C"™*", so that
1
S =A L,——
@)= A6+ D

Wpm

Rp=AW+LIw—-,) 'R (155)

One can take the derivatives
S (w) = —L(Iw—-Q,) R
S (w) =2L(Tw—Q) ° R
When w = w,, (some approximation of the pole), these are the equation for unknown diagonal matrix
,. Consider a singular value decomposition of the second derivative:

S (w) =UxVT (157)

(156)

with unitary matrices U and V (UTU = I, VIV = I) and the diagonal matrix of singular values
¥ C C™*",. Then, ¥ = U'S" (w) V, and

UtS' )V = UL (Iw — Q,) >RV (Tw =) % = = (UTL) T UTS () V (RV) ™
{ Y =2UTL(Iw—-9Q,) ° RV - (Iw—9Q,) % = % (UtL) ' s (RV)
= (Tw—Q,) = (Tw—9,) 2 (Jw—Q,)° = =2 (UTL) ' UTS (w) V (RV) " (RV) =~ (UTL)
— 2 (UTL) T (U (w) VE-Y) (UTL)
= UlS (w) VSt = ! (UTL) (9, - Iw) (UTL) ™!

2
(158)
The latter relation is an eigenvalue decomposition of the left hand part matrix. Thus,
Q, — Iw = 2diageig (UTS' (w) VE™!) (159)
and the algorithm can be constructed as follows
Wnt1 = Wy, + 2mineig (UTS (w,) VETY), 8" (wy,) = USVT (160)
The derivatives can be calculated via the finite differences as
S n Aw -5 n AW
5 () e S0 B) = 5 (00 = )
200 (161)
5" (wp) ~ S (wn +Ay) =28 (wn) + S (wn — Ay)
n (Aw)2
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where the step A, should be taken to be small enough to resolve the resonance. The S-matrix for
these resonant frequency search can be calculated, e.g., by the FMM or TMM described above.

In case there is only one resonance in the region of interest, rank B = r» = 1, X has only one nonzero
element ¢ in the first row and the first column. Therefore,

S (W)U =0 (VJUl) U,

S" (W) =USVH =2V, =
) T stem=e (vin)w

(162)

i.e., Uy is an eigenvector of S” (w), and V; is an eigenvector of S” (w). Hence, 0 = maxeig (S” (w)) / (VlTUl)

where max eig (S” (w)) is the only nonzero eigenvalue of S” (w). So,

max eig (S (w)) vi

S" (w) =U (VITUl) 1 (163)

Also U7 and V; are also eigenvectors of S’, since

US' (@) VE = 3 (U1L) (o — ) (UTL)
1 maxeig (5" (w))

(01

=9 (W) == (wp —w) UV =1 (164)

2 v

and

max eig (S’ (w))
(v

max eig (5" (w))
S

so the iteration algorithm reduces to

1 maxeig (5’ (w))
o maxeig (5" (w)) (165)

Uts' (w)yve=t = vto,vive=t =

o maxeig (5 (wn)) (166)

Wntl T W T axeig (57 (wn))

5.3 Modal description of resonant reflection

If one calcultes the quality factors of the leaky mode resonance of a 1D photonic crystal slab, the
appear points with infinitely large quality factor (Fig. 10, 11). These are so called boud states in the
continuum (BIC). They are of two types. The first type states are due the symmetry mismatch at T’
point, whereas the second type are due to the interference effects.

The appearence of the second type resonances can be qualitatively (and quantitatively also) ratio-
nalized by considering propagating Bloch modes in the slab. Bloch modes were derived above while
considering an infinite photonic crystal. For a rather small period there exists only one solution 5% > 0
of Eq. (77) which corresponds to a single propagating mode. Owing an interface with a homogeneous
medium this mode can be reflected and transmitted at this interface (Fig. 12). For larger period there
appear several modes (say, N modes). Let us denote their reflection coefficients at the slab interfaces
as Tmn- Then the equation for the self-consistent modal amplitudes inside the slab is

+ _ N _ .
a:n : Z%:l rmnai exp (zﬂmh) (167)
Ay = D1 Tmn @yt €xp (i3 h)

Writing this equation in the form Ra = 0 yields the disperison equaion for the leaky modes det R = 0.
Transmitted wave amplitude for the leackage radiation is

N
bt = Z tma exp (iBmh) (168)
m=1
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Within the single mode approximation N = 1, and the dispersion equation gives resonance condition
1—riiexp (2if1h) = 0= fih+argri = 7l (169)

This is similar to the Fabry-Perot resonator and a slab waveguide equation. Amplitude of the trans-
mitted wave is

bt = t1a} exp (iB1h) (170)
Since t; # 0, no BIC can appear under the single mode approximation, since the first mode is even.
Consider two modes. At I' point (k,o = 0) the two modes are not coupled due to the symmetry
(the mode is even, and the second is odd, see Fig. 12): r12 = ro; = 0. Also for the odd mode we have
roo = 1, to = 0, and attain the symmetry-protected BIC metioned above. When kg # 0

ai: = r11ay exp (if1h) + riza5 exp (if2h)
a3 =ra1a7 exp (iB1h) + raza; exp (i52h) ( (12))2 .
ul . . 1-— 2i89h) = 171
aj rnai' exp (if1h) + 1"12@3' exp (if2h) = Tepf) P (2if2h) =0 (171)
ay = rglaf exp (if1h) + 7"22(12+ exp (if=2h)
with the effective reflection coefficient
(12) _ 22 F 0711721712 €XP (2iB1h) o 1 (172)
eff 1 —argrigexp[i (B + B2) b’ 1—72 exp (2ip1h)

So the behaviour of two coupled modes can be described as in the case of the Fabry-Perot resonator.
The radiated plane wave amplitude can be also described via an effective transmission coefficient

b' = t1a] exp (iB1h) + taag exp (if2h) = tg?f)aj exp (i82h) (173)
12 , (12) . .
off = t2+atirarexp (ip1h) [reff exp (iB2h) 4+ r11 exp (iB1h) (174)

The dependence of ti}zf) from the Bloch wavenumber shown in Fig. 13 reveals that for certain values of
k.o where the effective transmission goes to zeros. This also corresponds to states with infinite quality
factor, and these states are called accidental BIC. Therefore we can conclude that the nature of these

accidental BIC-s is the destructive interference of leaky states.
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Figure 10: Several leaky modes of 1D PhC slab and their quality factors (from arXiv:1907.09330v1).

6 2D and 2D Photonic crystals

Similarly to the 1D case of photonic crystals the reciprocal space splits into equivalen Brillouin zones,
so the physical properties of a crystal are defined by modal behavior in the first Brillouin zone. Three
non-complanar Bravais lattice vectors of elementary cell p; o 3 and the condition (see Eq. (49))

exp (ZGan) = 1, Gn = T’lel + n2b2 + n3b3 (175)

24



2

§

2

H

@

g

z 04
03
02
o1

0 01 02 03 04 os 06 07 08 09 1

Figure 11: Dependence of the power reflection coefficient from the inverse wavelength and angle of
incidence for a photonic crystal slab in the air with period A = 1um, thickness 0.7A, pitch width 0.6A,
and permittivity 3.52. One can distinguish poits at which some resonance lines become infinitely thin.

a) b)
o, 2 k=0
ngap d m @ Re([j) : :
IR : '
B B B, B ,

k¢0 ' -—BW | -—BW |
d) A Re(p) | ! S% _3%
I, ko 1 |
PhC u;T l u;T l u;I l hI '
slab u; u; u;
' : } %2503 03504/}(34505 05506 05 05

n \ +A

Figure 12: First, second and third propagating modes in 1D PhC and their reflection at the slab
interfaces (from arXiv:1907.09330v1).

where R,, = m1p1 + maop2 + m3ps, , yield the basis reciprocal lattice vectors

by =2 D2 X p3
D1 - (P)z< X p3)

b2 =92 M (176)
D1 (p>2< X p3)

by =2 D1 X D2
p1 - (P2 X p3)

In 2D and 3D the Brilloin zone can have different shapes. Its characteristic points are denoted with
capital Greek characters, e.g. see Fig. ...
The Floquet-Bloch theorem reads in vector form:

D (r)=p(r)exp(ikr), p(r+ Ry) =¢(r), my € Z (177)

6.1 Plane wave expansion method in 2D

Analogously to the previous consideration of 1D PhC eigen solutions of the Maxwell’s equations can
be searched for by means of the Fourier method. Being written for the time-harmonic fields with time
dependence factor exp (—iwt) the vector Helmholtz equation for the magnetic field reads

V x %v x H (1) = w?uoH (r) (178)
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Figure 13: Effective transmission coefficient for the two-mode approximation

Figure 14: Example of the Brillouin zone for FCC lattice (wikipedia)

In case of 2D crystals the function e (r) is periodic in the XY plane and independent of the third
coordinate z:

T
e(ry=c(p,z)=c(p+Rpn,z2), p=(x,y) (179)
with the Bravais lattice vectors R,, = mip1 + map2, m 2 are integers and p; o are lattice constants.
Eq. (178) is an eigenvalue problem which will be solved for unknown eigen frequencies w providing
that the dielectric permittivity is real and dispersionless in a frequency range under consideration (the
case of dispersive materials will be discussed below). The Bloch theorem states

H (r) = exp (ikr) H (r) (180)

so that the function Hy (r) = Hg (r + R,,) is purely periodic with lattice periodicity. The Bloch
vector k = (ky, ky, O)T This periodic vector function can be decomposed into two polarization states,
TE, and TM (see Eq. (8)),

Hy, (r) = e Hy, (r) + e H, (r) (181)

where éi’h are unit plane wave polarization vectors. Explicitly for the 2D problem under investigation
sTM _ ¢ oTE _ 1 (L x ¢
é é., €, r(kxe,).

Periodic functions in Egs. (178) and (181) can be decomposed into their Fourier series

1e(r)=>",, mexp (iGpr)

HE (7) = 50 HED exp (iGor) (182)

with G, = mi1b; + maby being the reciprocal lattice vectors, by = 2% (p2 x &)/ (&, [p1 X pa]),
by = 2% (é, x p1) /(€. - [p1 X p2]), which lie in the plane XY. Substitution of (180)-(182) into (178)
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gives
VxS, Fuexp (iGar) V x X2, (&Hy, + el Hl, ) exp (ik,r) (183)
=w?uo Y, (€5HE,, + erHp ) exp (ikp,T)

where k,, = k + G, and the unit vectors €% correspond to the wavevector k,,. Index m here is a

two-dimensional index. Curl operators transform to vector products

S0 Sy [y + G) x By x (&g Hg, + bl ) | expli (y + G 7]

(184)
= —w?uo Y., (65, Hg,, + et HE ) exp (iky,T)

To simplify the equation the orthogonality of exponential functions can be used. Multiplication of the
both parts by exp (—ik,,r) and integration over the period yields

Z f’ﬂ [km X (km - Gn) X (éilanli,mfn + éfnanl}cL,mfn)} = —w2,u0 (éanlim + éfrizH{ch) (185)

Note that G,,, — G, = (m1 — n1) by + (m1 — n1) ba. Then, substitution G, = G,,, — G,, and a change
of the summation index yield

S Fonco [l % o (&5 €L} )] =~ (&5, Hy + €L, ) (156)

Since k - €, = 0, the latter equation splits into two independent equations for the TM and the TE

polarizations. By multiplying both parts by either €, or é" one attains
Z frn—n k! |kn| H,, = WzﬂoHlim (187)
n
for the TE polarization, and
Z fm—” (km ’ kn) Hl}cln = WQNOHI}clm (188)

for the TM polarization.
Eigen solutions of Eqgs. (187) and (188) yield frequencies of waves, which can propagate in the
photonic crystal for a given direction and modulo of the Bloch wavevector k.

6.2 Plane wave expansion method in 3D

In order to generalize the results of the previous section here we consider a 3D infinitely periodic
structure — 3D photonic crystal:

v x ﬁv « H (r) = oo H (r) (189)
H (r) = exp (ikr) H (r) (190)

so that the function Hy (r) = Hy (r + R,;,) is purely periodic with lattice periodicity, R,, = mip1 +
mepz + mops, and the Bloch vector k = (kz, ky, kz)T. Fourier decomposition:

/e (r) =32, fmexp (iG7)
Hy, (1) = 32, hiem exp (iG 1) (191)

T
where m = (my, ma, m3)” € Z3.

SN foltkn + Gp) x kn X hyen] exp [i (kn + Gp) 7] = —w 110 Y _ B exp (k) (192)
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with k,, = k + G,,,. Orthogonality gives

> fren (B X kn X hin) = =0 tohgm (193)

The eigenvalue problem of Eq. (193) can be solved directly by the QR algorithm. Ones sorted, the
solutions w,, will correspond to the energy bands in the ascending order. However, when the geometrical
shape of a photonic crystal unit cell is complex, one should take a sufficiently large number of Fourier
components of the function 1/e in each dimension, so the size of the linear system (193) would be
too large to apply the QR algorithm (as its numerical complexity grows cubically O (N 3) relative
to the matrix size). From the other hand, one usually needs to calculate only several lowest bands
where the largest gaps may appear, therefore, only several smallest eigen solutions are of interest.
To conform these restrictions in practice one usually applies iterative methods, like the method of
inverse iteration or Krylov subspace methods. Iterative procedures used within these approaches
require performing a matrix-vector multiplication at each iteration, thus, the computational complexity
reduces approximately to O (N?).

Further reduction of the computational complexity can be done by exploiting the special structure
of the left-hand part matrix in (193). Multiplications by wavevector projections K, , . are diagonal,
and can be done with O (V) operations. Multiplication by the three-dimensional block-Toeplitz matrix
can be done via the Fast Fourier Transform. In order to explain the algorithm let us start with one-
dimensional multiplication of a Toeplitz matrix T of size N x N by a vector x of size N:

Y1 to t_1 t_o ... T
o . Y2 o t1 to t_1 ... o
Ym = (Tx),, = zn:tm,nxn sl =l o & o o - (194)

The size of the matrix can be increased up to 2N — 1 so as to make the product to have a form of a
convolution:

to t_1 t_og ... t_nNy1 tN-1 ... to tq
~ tq to t_1 oo lonNy2 toNg1 .. t3 to
T= to t1 to oo toNy3 t_Ng2 ... t4 ts = (195)
ty-1 tnN-2 IN-—3 ... to tor ... t-Nt1 tN-1
= Um = (Tj;)m = Zt(mfn) mod NTn (196)
n
where & = (ccT, 0,..., O)T. Matrix 7T is called the circulant matrix as its multiplication by a vector is

a convolution product. From the latter equation it can be seen that the first NV elements of y equal to
y. The advantage of such transformation is that the discrete Fourier image F of a convolution product
is an element-by-element multiplication:

FD, = (F(T2)) =F(H),F@), (197)

with vector ¢ = (to,t1,t2, st N41,EN—1,- -, L2, tl)T. Since the Fourier transform of a vector, which
size is power of 2 or factorizes into a product of powers of small prime numbers, can be calculated
by the Fast Fourier Transform algorithm, the product y = T@ can be evaluated with O (N log N)
operations.

A generalization of the fast multiplication approach to three dimensions is straightforward, so the
net cost of calculating several small eigenvalues of Eq. (193) can be as small as O (N log N) with N
being the total number of Fourier harmonics in all three dimensions.
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7 Coupled dipole lattices

For some physical problems it is also meaningful to consider periodic lattices of small scattering par-
ticles, so that each particle can be modeled by its dipole response. In this section we consider the
coupled dipole problem and a related Discrete Dipole Approximation (DDA) used for large scattering
particle simulations.

7.1 Coupled Dipole Method

Consider Ny dipoles with moments p,, located at points r,,, m = 1,..., Ny and surrounded by a

homogeneous isotropic medium of permittivity e. Electric field of each dipole at point r is

exp ik‘o rTr—r “ R 3 32]{}0 kQ

E, (r,pm) = ( | m) P (PmPm) 3 2 0 +

dre P — 7| [P — 7y |7 — 7] (198)
1 ikg k2
+pm | — -+ 5+
|r — 7l |r — 7] Lk

where ky = w\/eng, and 7,, = (r —ry)/|r —ry|. Each dipole moment depends from the self-
consistent field at its location:

Pm = XmE (Tm) (199)

This field is a sum of fields of the rest of dipoles and, possibly, some external field E*¢ (vector
Foldy-Lax equations):

E (rm) = E"° (rm) + Z E, (rmvpn) (200)

n#m

For the m-th dipole multiplication by the polarizability x,, yields the system of linear equations on
unknown self-consistent dipole moments:

DPm = XmEinc + Z XmEn (vapn) = (H - F-A) P= reme (201)
n#m

where T is the identity matrix, I' = diag {x1, X2, .-, X~y }, vector P = (p{,p3,... ,p%d)T, and £nc =
([Einc (Tl)]T , [Eznc (TQ)]T e, [Einc ("’N

The elements of matrix can be enumerated with two types of indices — dipole number m, and Cartesian
coordinate index a = x,y, 2:

exp (iko |7rn — ) [A . ( 3 3iko k2 ) n

T Trm. = — —
Are M\ AP AT AT

1 iko k2
Foas | — + +
ﬁ(mMﬁ AP AT ]

T
)] T) . The overall size of the linear system is 3Nz x 3Ny.

d

Anm,aﬁ =
(202)

where Ar,, = Ty — Tn-

If the number of dipoles Ny is small, than the system (201) can be solved directly by matrix
inversion, which has the asymptotic complexity O (N 3). For large coupled dipole ensembles one has
to apply an iterative procedure, which requires only matrix-vector multiplications with complexity
(0] (N 2). This complexity can be further reduced if all dipoles are arranged in a regular 3D lattice.
Denote the lattice constants d,, and let the dipole indices be triples corresponding to indices for each

Cartesian coordinate: m = (my, my, m.). Then, |r,, —r,| = \/Za d2 (mq, — na)z, and one can see,
that matrix A is a 3D block-Toeplitz matrix. The technique for fast multiplications of matrices of this
kind by vectors was explained above.

Once the polarizabilities are found, one can calculate the far field amplitude in any direction by
a direct summation of fields from each dipole, Eq. (198). In the limit 7 — oo only the terms ~ 1/r
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remain, So

far __ pinc 26Xp Zkor 7 . -
B (r) = E" () + kg — ; P (PrnPm)] xp [iko (7 - 7)) (203)

For the plane wave incidence the extinction cross-section is given by the optical theorem

4r )
Cea: — - Eé(/(l "7/71(, ElTLC 204
= ¥ B () B 0

7.2 Discrete Dipole Approximation

A related approach, which is often used for calculation of the light scattering by non-spherical particles
of various scales is the Discrete Dipole Approximation (DDA). The derivation starts from the volume
integral solution of the Helmholtz equation (3):

E(r) = E™ (r) + iwpo / Go (r— 1) J (1) dr' (205)

where the free-space dyadic Green’s function satisfies equation
VxVxGo(r—r)—kGyr—r)=15(r—1') (206)

Explicitly in the Cartesian coordinates

Go(r—1) = (11+ k2vv> o(r—1') = (11 + klgvv) oxp (iko | — r') (207)

47 |r — ']

The operator behind the scalar Green’s function gg yields the dipole response of the form of Eq. (198).
Taking the source to be polarization currents due to inhomogeneous permittivity J = —iw (¢ (r) — &9) E
results in the Lippmann-Schwinger equation

E(r) = E™ (r) + w?uo / Go(r—7")[e(r) —co] E (v d®r (208)

The dyadic G (r — r') becomes singular at » = 7/, and G (r — 7') ~ 1/ |r — /|> around this point.
In order to treat the singularity consider a small volume V;; bounded by the surface Sy containing the

point 7 = 7’ so that

[y Go(r—7")J (v')d*r' = f\/\v (’r —r)J (r') d3r

— YT (7
+ fV [GO (,,, . ,,,/) — G, (T‘ . T‘/)] J( d3 ;L ¢S L(:)dzr,/ (209)
0 0 4m |r — 7’|
where ng is the external unit normal to Sy, and
Gs(r—r')= iVV* (210)
® k2 Am |r — 7’|
The equation was also transformed in accordance with the Gauss-Ostrogradsky theorem
d d Jg (’I"l) 1 d Jﬁ (r’)
s,x - d3 = T T ) N A VT

fV p(r—r)Js(r) kQIVOda:ada:547r|r—r’| kg(ﬁso”’ dxg 4m|r — 7| (1)
211

g — x’B) Ja (1)
|3

7?8 ﬁgo Ns,a

4 |r —
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In the following we will use the long wavelength approximation J (v') &~ J () for any » € V. Then,
the integral becomes

Jy Go(r —v) I (') dPr' = [y, Go(r —1')J (r)d*r!

1 —7r').
L [Go(r— 1) — Gy (r - T () dr — L T g (212)
’ kg 720 A |r — /|
Since V is electrically small we can further associate V' with V4 to get
1
[Gatr-yawy e < |- mr) ) o1
1 ko
with
M = [, [Go(r—7') = G, (r —r")] d*
(r—r') (214)
L = ﬁ% ng——2_d%r’

Azl —v')?

Evaluation of these terms can be done analytically or numerically for volumes of different shapes.
Going back to the Lippmann-Schwinger equation (208) written for a large scattering particle, one
can divide the scattering volume into a set of electrically small volumes V' = J V;,,:

E(r)=E" (r)+wiu )., Jv, Go(r—r")[e(r') —eo] E (') &°r' =
. 1
= E(rm) = E™ (1) + w0 to 22, 20 Go (T — 1) Aen E (1) AV, —iwAe,y, [Mm - ksz} - E (1)
0
(215)
where 7, € V,,. This is the linear equation system for unknown fields E (r,,), which has the form
similar to the case of CDA, Eq. (201), but with a different block diagonal terms defined in Eq. (214).
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